Complex Number

Roots of unity and Factorization

If 1, , o> arethe cube roots of unity, prove that :
(i) (@+o-0)@-o+o0’)=a’+3,

(i) Q+iv-0)(l-o+io’)=2,

(iii) (a+b)(a+bw)(a+bo’)=a>+b

(iv) (@a+b+c)(@+bo+co’)(a+bo’+co)=a’+b®+c®-3abc,

Let ® beacomplex cube root of unityand n isa positive integer, but not a multiple of 3.
(i) Provethat 1+o"+0”=0.
(i) Provethat x*+y?+Zz°—xy-yz—zx hasalinear factor x+ oy +o’z.

(iii) Deducethat x*+y?+z°—xy-yz—zx isafactorof (x—y)'+(y-2)"+(@Zz-x)".

If ® isone of the complex cube roots of unity, show that

(X +a+b) (x + wa+ 0’b) (x + w’a+ ob) =x>-3abx +a’ +b’.
Hence solve the equation x®-px+q=0 byputting p=3ab and q=a’+b°.
If (L1+x)"=co+cix+cxX’+...+cX", n being a positive integer,

(@) Bysetting x=1,0,®° inturnandadding show that, co+C3+Cg+... = %(2” + Zcosn—:j
2 2 2 1 n
(b) Showthat: (c,+Cy+..)" +(c,+C, +...)" +(C, +Cg +...) :5(4 +2).

Find the quadratic factors with real coefficients of
(i) xP-4x*+16

(i) x°+8x*+64

Factorize x*—1 and prove that

i x3+i+1= x+1—2005ﬁ x+£—2cosﬂ x+l—20058—7c ,
3
X X 9 X 9 X 9

(ii) sinﬁsin@sinﬂzﬂ,
9> 9 9 8

11 CcO0S — C0S™ — || COS — C0S™— || coS — C0S™ — |=4C0S - .
iii) 64| cos?0 Zg 29 229" 29 249" 4c0s230 -1
kr

() Showthat x? —1=(x—-1)(x+1) i‘ll[x - cisﬁ}{x - cis(— —ﬂ |
k=l n n

(i) Express in partial fractions with real linear and quadratic denominators.

X2n



3
Solve the equation (z + 1)~ z%=0, and prove that (z +1)° - z° :%(22 +1){11{422 +4z + csc? %} .

3
Hence show that ~ 16(cos™® 0 —sin'® 0)=cos 20 %‘Il{cos2 20 + cot? %} :

Show that all the non-zero roots of the equation (1 + x)*™* = (1 —x)**"* are given by

. r
titan T , where r hasvalues 1,2, ...,n.
2n+1

. . 2
By putting n=2 or otherwise, show that tanzgxtanz?n:S.

Show that every root of the equation  (z + 1)+ (z—1)>"=0, where n is a positive integer, is purely
imaginary.

If the roots are represented in the Argand diagram by points Py, P,, ..., P,, , prove that,
if O istheorigin, OPy>+OP,%+ ...+ 0Py’ =2n(2n-1).

If n isapositive integer, prove that

n-1
(i) x"-1=(x-1(x+1) 1‘Il(x2 —2x cosr_“Jrlj
= n

(i) xZ”*l—lz(x—l)lﬂl(xz—Zxcos 21m +1j
g 2n+1

n-1,
Deduce from (i) that,if x=0, x"—-x" :(x—x‘l)H(x+x‘l—Zcosr—nj .

r=1 n
nloorg 4n
Use the last result to prove that Hlsm2—= P
r=. n -

= 2k
Prove that x?"—2x"cosn®+1= kHO{x2 —2xcos(9+—n)+l} .
- n

Deduce the following results :

n-1 k
(i) sinno=2""T1I sin(oc + —nj
k=0 n

n-1]
(i) cosna—cosnB=2"" H[com — cos(B +2_k“ﬂ .
n

k=0

(iii) From (i), deduce, by logarithmic differentiation,

1na kn rn
cotnao=— X cot| oo +— |, oZ—,
n k=0 n

n-1
(iv) Deduce from (iii) that csc? nd N ¥ csc?| 0 +ﬁ . 0.
2 k=0
n’ k= n



(i) If n isapositive integer, prove that

01 2k
x?" —2x"a" cosn® +a>" = H|:X2 - 2xacos(9 +—nj + az} .
n

(i) Bytaking x=a=1 andinturn, 6=2a and 6 =2a -7, show that the value of

n1 rn n-1 rm
IIsin?| oo +— |+ ITcos®| o+ —
r=0 n r=0 n

22—2” 23—2”

is when n isodd, and sinffno. when n s even.

(iii) Using derivatives, deduce from (i) that

2rn
~ X —acos| 0+ —
nx"*(x" —a"cosnf) & ( n

2n nan 2n 2rn
X" —2x"a" cosnd +a 0 x2 —2xacos(9+)+a2
n

(iv) By taking the derivatives again and substituting a particular value for x, show that,

when cosno =1,

n-1 1 n2
01— cos(e + ij ~ 1-cosnd
n
(v) In (i),take x=i, a=1 and n even,deducethat,if k isa positive integer,

2%t cosecos[e + chos(@ + 2_krc) cos(e + @) =(-1)" —cos2ke .
and deduce that

22k‘lsinesin(6+Ejsin(ewz—kn) sin(6+@):(—l)k(l—0052ke) :

(vi) Prove that:

1 (4r+1 on
i (4r + 1) 2?
r=0 4n
The n points Ag,A;,A,, ..., Ay arethe vertices of a regular polygon of n sides which is

inscribed in acircle center O, radius a. P isapointsuchthat OP=x andtheangle POA;=6.

n-1
Prove that  ITPA, =x?" —2x"a" cosn® +a’"



